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CHAPTER ONE

1.0 INTRODUCTION

Statistical inference centres on the rules and processes of using sample data in
order to gain more information about the underlying population from which the
sample was collected. It enables us to make judgements about population
parameters based on sample statistics. It requires estimation of parameters and
testing hypotheses about the population parameters.

1.1 definitions

a) Parameter: numerical value describing the characteristics of a population
e.g population mean and variance.

b) Statistic: numerical value describing the characteristic of a sample e,g
sample mean.

c) Estimator: is a random variable whose value varies from sample to sample

d) Best unbiased estimator: an estimator that is closest to the population
parameter among all the unbiased estimators.

1.2properties of estimators

The following are the desirable properties of estimators;

a) Unbiasedness : an estimator 8 is said to be unbiased if its expected value is
equal to the unknown population parameter 6. that is E(8) = 6.

b) Sufficiency: an estimator is said to be sufficient if it uses up all the
information about a population parameter contained in the sample.

c) Efficiency : if it has minimum variance among all unbiased estimators.

d) Consistency : an estimator is consistent if it approaches the unknown
population parameter as sample size increases.d — 6 as n — oo.

2.0ESTIMATION OF PARAMETERS

Parameters can be estimated using point estimation methods and interval

estimation methods. The point estimation methods give a single value for the

unknown population parameter while the interval estimation methods give a



range of values for the unknown population parameter. The point estimation

methods include;
a) Method of moments.
There are two types of moments;

Raw moments: these are moments about the origin or about zero.
Let X1,X2,...,xn be @ random sample from a population, the rt" sample
moment about zero is defined as the expected value of x" denoted as
U where u, = E(x") = Yane X" f(x) for x discrete and E(x") =
fa”xxrf(x)dx for x continuous. Whenr=1, u; = E(x!) = x, this s
the mean of the random variable x. when r = 2, u, = E(x?), but the
variance of the random variable x is v(x) = E(x?) — (E(x))? =

Uz — lif

EXAMPLE ONE

If x has a pdf f(x)= x, 0<x<2, find the third raw moment, mean and variance of x.

SOLUTION

The third raw momentisr = 3isu; = [ _x*f(x)dx = f02 x3 * xdx =

a

f02x4dx=x— == ===64.
51p 5
.. M is wh _ _fz 2 4 xd _fz 3 _ﬁ|2_2_4_5—4
ii. eaniswhenr=2, u, = [ "x“ *xdx = | 'x x—40—4—4—.
3,2
i. v(x)=Ex?) —(E(x))? =u, —u? where ,u1=f02x1*xdx=x? =
0
3
2? = g, therefore the variance v(x) = 4 — (g)2 =4 — 6—: = —3.11.
EXAMPLE TWO

Find the second raw moment given the pdf f(x)= 2x, x= 0,1,2. Find mean and

variance.

SOLUTION



i Second raw moment is for r = 2, u, = Y2x?f(x) = Yix?x2x =
32253 = 2(03 + 13 +23) = 2(1 + 16) = 2 + 17 = 34.

ii. Meanisr=2, u, = 34

ii. Variance is v(x)=Ex?) - (E(x)?=u, —pu? where pu; =
Yaxlx2x =Y22x2=2(024+124+2%)=2(1+4)=2%5=
10.therefore v(x) = 34 — 102 = —66.

The other type of moments is;

ii. Central moment: this is the moment about the mean. The rt
moment about the mean of a random variable x is the expected
value of (x—u)" denoted by u,. that is w.=E(x—wp’ =

Yaix =W f(x)oru, = fa”x(x — )" f(x)dx for x is discrete or
continuous respectively.

Whenr=1, uy =E(x—w)!'=Ex)—pu=u—u=0.when r = 2,
o = E(x — p)* = var(x).

EXAMPLE THREE

Using the pdf f(x)=1, 0<x<1 . find the fourth central moment.

SOLUTION

The fourth central moment is when r = 4, u, = fol(x — W (x)dx. but u=
1

2

X2

fol xf(x)dx ==

2

' (1-05)° (0-05)
-5 5

_ =

Uy c = 0.00625 + 0.00625 = 0.0125.

0



2.1PARAMETER ESTIMATION
a) METHOD OF MOMENTS

let xi,X2,...,Xn be a random sample from a population x with pdf
f(x;64,0,,...,0,,) where 6,,0,,...,6,, are m unknown parameters. Let

E(x")=f_°ooo x*f(x;04,0,,..,0,)dx be the k™ population moment about zero. Let
1 ,
my = - n  x¥ be the k™ sample moment about zero. The estimator for the

parameters 64,0,,...,08,, are obtained by equating the first m population
moments (if they exist) to the first m sample moments, that is;

E(X)= M1, E(x?)=M, E(X3)=Ms,...,E(X™)=Mm.
EXAMPLE ONE

Let X~N(u, 8%) and x4,...,x» be a random sample of size n from the population x.
what are the estimators of the population parameters u and §2 using the method
of moments.

SOLUTION

(a) For a normal population E(x)=p and from moments E(x)=M1 where M; =

1 _ , _
=.i=1X; = X, therefore the estimator for the mean u = x.

n
(b) For the variance 52 =E(x?) -
u?.making E(x?)the subject and equating it to M,.
n n
1 1 _
6% =My —p2 == xP =% == (= %)
i=1 =1

therefore, 6% = & ™ .(x; — x)? as the estimator for the variance.
n
EXAMPLE TWO

Sif0<x<0

0 elsewhere

Given the pdf f(x; 0) = { . Find an estimator for 8 by the method

of moments.



SOLUTION
9 0 x2 0

E(x)=fxf(x)dx=j x*ldxz—

0> 0
0 20 2
5 0

o 20

Equate this to the sample moment; E(x) = M; = X

X= g, implying that 8 = 2% as the estimator for 6.

EXAMPLE THREE

Sif—0<x<0

0 elsewhere

Given the pdf f(x;0) ={ . Find an estimator for 6 by the

method of moments.

SOLUTION
) j) (0 j" 1 2° e o2 .

= = * — = — = — =

* Bxfx T e T 26|, " 20 26

The moment does not exist at E(x), try E(X?)

6
0 0 1 x3 92 92 292
(x?) = [J,x*f (%) Jogx? x5 o, =TT T
. 1
Equating E(x?) to M= - nxt
lon .2 202 3 GQn 2 22 er:: . A |3wen .2
~ L= Xi = = - di=1 X = 67, this implies that 8 = 7 D=1 Xi -

TRY: Let x1,X2,...,xn be a random sample of size n from a population with pdf

0-1

f(x;e)z{ex ,0<X;<1
0 otherwise

for 0. If xa= 0.2, x2= 0.6,x3= 0.5,x4= 0.3 is a random sample of size 4, what is the

estimate of 0?

. Using the method of moments, find an estimator



b) MAXIMUM LIKELIHOOD ESTIMATION METHOD (MLE)

Maximum likelihood estimators are the values that maximize the log likelihood
function for a random sample X from a population with pdf f(x;0) where 8 is
unknown. The estimator is obtained by determining the first derivative of the log
likelihood function with respect to 8. The likelihood function is given as L(x; ) =

iz f(x50) = f(x1;0) * f (325 0) %5 f (xx; 0)
The log likelihood function is; logL(x; 8) = Y. logf (x; 6).
EXAMPLE ONE

If X1,X2,...,Xn is @ random sample from a distribution with density function

-0
f(x;0) = {(1 —0)x7%,0<x <1 . What is the MLE of 6?
0 elsewhere

SOLUTION

S

LX;)=| [1-0)x?=@1-6)"] |x°

i=1

Determine the log likelihood function;

logl =nlog(1—0) -0 Z logx

Maximize the log likelihood function with respect to 0.

dlogl() -
a6 (1- e) Z logx

Equate the result to zero.

1= 9) Z logx, solve for 6




=(1-6),0=1+

—Ylogx ¥ logx
EXAMPLE TWO: determine the MLE for A given a poisson distribution with pdf
foad) =8
SOLUTION
e Determine the likelihood function I(x; 1) = IIf(x; A) = e—:lg!zx

e Determine the log likelihood function logl(x;A) = —nlloge +
Y. xlogAd — Y logx!

e Maximize the log likelihood function. Hogxd) _ _ Lx

dA n+7 =0

e SolveforA; A = Zn_x = X, as the estimator for A.

Try: for the random sample x from a population with pdf f(x;B) =

X

xbe B

T7g7 U 0 <X < ®. determine the MLE for B.
0 elsewhere

c) LEAST SQUARES ESTIMATION METHOD (LSE)

This is suitable for estimating moments about zero of a population distribution. To
derive the LSE of pr for a random sample of variables x1,x2,...,Xn;

e Consider a random variable x and its r'" moment about zero; E(x")=p

e Using the sum Y.(x" — u,)?, determine the value of p. that makes the
above sum as small as possible by differentiating the sum of squares with
respect to ur- and equating the result to zero.

EXAMPLE: DETERMINE THE LSE GIVEN r =1

SOLUTION

e From E(x!)=p1, the sum of squares is Y,(x — p;)?

e Differentiate with respect to p1 and equate the result to zero

_ 2
L = 23— ) = 0; Xx —npy =0
1

8



.ﬁ= =X

xx
n

TRY : DETERMINE THE ESTIMATOR GIVEN r= 2.

2.2INTERVAL ESTIMATION METHODS FOR PARAMETERS

Let x1, X2, ...,Xxn be a random sample of size n from a population with pdf f(x;0)
where 0 is an unknown parameter. The interval estimator of 0 is a pair of
statistics L=L(x1,X2,...,Xxn) and U=U(x1,Xa,...,Xn) With L <=U such that if x1, ..,xn is a set
of sample data, then 8 belongs to the interval [L(x,..,xn), U(X1,..,Xn)]. The probability
of 8 being on the random interval (L,U) is 1-a, that is P[L < 8 < U]=1-a. Where L
is the lower confidence interval and U is the upper confidence interval, (1-a) is the
confidence coefficient or degree of confidence.

The interval estimation methods include; pivotal quantity method, MLE, Bayesian
method, Invariant method, inversion of test statistic etc.

2.2.1 PIVOTAL QUANTITY METHOD

Definition: let x1,X2,...,x» be @ random sample of size n from a population x with
probability density function f(x;8) where 0 is an unknown parameter. A pivotal
guantity Q is a function of xi,Xz,...,xn and 8 whose probability distribution is
independent of the parameter 0. It is given as Q(x1,X2,...,Xn, 0).

If Q= Q(x1,%2,...,Xn,0) is a pivot, then a (1-a)100% confidence interval for 6 can be
constructed as follows;

» Find two valuesaand bsuchthatP(a<Q <b)=1-a.
» Convert the inequalitya < Q < bintotheformL <6 < U.

EXAMPLE: if x is a normal population with mean unknown p and known variance
&2 and pivotal quantity as Q = x?T”, construct a (1-2a)100% confidence interval for
K.

Solution



Since the population x is normally distributed with mean p and variance &2, the

_ . . 5
sample mean x is also normal with the same mean p and variance = hence

1-2a=P(-Z,<0Q<Z)

X—U o) _ o)
=P| —Z,< 5 <Z, =P(—Za\/—ESx—uSZa—n>
Vn
SP(R— 2y < p<F+Z,—
- (X aﬁ—ﬂ—x a\/ﬁ)
. . o 5 _ 5
Therefore, (1-2a)100% confidence interval for wis [x — Z, N x+Z, \/—ﬁ]

a) CONFIDENCE INTERVAL FOR POPULATION MEAN

Let x1,X2,...,Xn be @ random sample from a normal population with mean p and
variance 62 where p is an unknown parameter and variance is a known
parameter. To construct this pivotal quantity, find the likelihood estimator of the
parameter p which is X. Since each of the xi is approximately normally distributed

with mean p and variance &% the distribution of the sample
_. . . . 52 .
meanX is normally distributed with mean u and variance —. The pivotal

function is % which is used to construct a confidence interval for the mean p.

Vn

The confidence interval is ;

K

e 1—a=P[-Ze <5< Zd]
2 \/_ﬁ 2
5 _ _ 5

. —p[—Z%—nSx—uSZ%\/—H]
_ 5 _ 5

° -p[x—Z%\/—ES,qu+Z%—n]

e When x is normally distributed with known variance &2, confidence interval

%+ Za2
2 n

. . _ 5
will be given by ; [x — Z%Tz’

10



EXAMPLE: let x1,X2,..,xa0 be a random sample of size 40 from a distribution with
known variance and unknown mean p. If 7%, x; = 286.56 and §% = 10. what is
the 90% confidence interval for the population mean p.

SOLUTION
e Using theintervalx — Z S << X+ Z i]
4 e m = U= s
e Where a=10%, z005=1.64
o x=LE_Z0_ 7164
n 40
V1o V10
o 7.164 — (1.64 * T <u<s7164+ (1.64 * \/ﬁ) = [6.344,7.984]

TRY: what is the 95% confidence interval for the mean u given a sample of size 11,
1 x=132,62=909.

b) CONFIDENCE INTERVAL FOR p FOR UNKNOWN VARIANCE.

The pivotal quantity Q(x1,x2,...,Xn;; u)=¥~tn_1, where n-1 are the degrees of
Vn

freedom. The confidence interval for the mean will be;

X—u

¢« l-a=plte, < ZE<te, ]
2’ N 2’
e make uthe subject
— S — S

— << -
e Plx t%,n—lﬁ <Susx+ t%,n—l \/ﬁ]

. . . — S — S
e Confidence interval is [x — t%,n—l Xt t%,n—l \/—ﬁ]

EXAMPLE: a random sample of size 9 from a normal population yields the

observed statistics x = 5 and %Z?ﬂ(xi — X)? = 36. what is the 95% confidence

interval for the mean pu?

SOLUTION

3 |"’
IA
=

IA
=i
+
ﬂ
1S}

e Usingtheinterval [X —ta .
2}

e Where a=0.05 and t=2.306

11



o 5—(2.306+ %) <pu<5+ (2306 %) = [0.388,9.612]

c) CONFIDENCE INTERVAL FOR THE POPULATION VARIANCE &°.

The pivotal quantity Q(x1,X2,..,Xn; 6%)= ?:1(%)2 when mean p is known and

variance is unknown. This has a chi-square distribution with n degrees of
freedom. The confidence interval for the variance 8% is determined as;

e 1-a=Plxi <¥L,(EH2<x? 4 ]
2’ 2’
1 52 1
ol

<= )
n Zi=1(xi—li) Xa

e =pl[=
X" «a
1-3,

2
n — 12 n N2
o = P[M <6< Z;;(;u)] as the confidence interval.

2 2
xl—gn E‘n
2 2

EXAMPLE : a random sample of size 9 from a normal population with mean 5
yields the observed statistics as %Z?zl x? =39.125 and ¥;_, x = 45. what is the

95% confidence interval for the variance §2?
SOLUTION

™ (x—w)? )2
e Using the interval P[EELZ < 52 < ZaGmiy
1—%,11 %'n

e Where a=0.05, X250 = 2.7, X29750 = 19.02,u = = =5

9
o Y(x—w?=XY(x*+u®—2xp) =¥x*+nu* -
Juy* =313+ (9525)— (2+5+45) =88,

e Thereforec.iis: [%,%F [4.627, 32.593]

d) CONFIDENCE INTERVAL FOR THE VARIANCE FOR UNKNOWN MEAN.

12



Y (x—x)2
52

The pivotal quantity is given by Q= x2_, . the (1-)100% confidence

interval for the variance 8% is;

_ 1 1| _ 1 3 (x—x)? 1
i 1_a_Px2 SQsz ]_p[xz < 52 sz ]
Zn-1 1-2 2n-1 1-2
2’ 2 2
x—x)> x—x)>
o =PRI < 52 < 2T
a Xogn—1
l—i,n—l E

EXAMPLE: let x1,X2,..,Xn be a random sample of size 13 from a normal distribution
with mean p and variance 82. If Y1, x = 246.61 and Y-, x* = 4806.61. find a
90% confidence interval for §%?

SOLUTION

—%)2 —%)2
e Using the interval [Zz(x a ) i(gnf)l]

X «a
1-5n-1 >

e Where a = 10%, x{ 951, = 21.03 and x§ 51, = 5.23
e Y(x—x)2=Yx%+nx—2xYx=4806.61+ (13 *18.97%) —
(2+18.97 %« 246.61) = 128.419

[128.419 , 128.419] _ [6.107, 24_554]
21.03 5.23

NOTE: for a random sample x1,X2,...,Xn from a distribution N(p, 6%) where p and 62

are unknown parameters. The confidence interval for the variance is given by;
(n-1)s? (n—1)s?

]
X1-%n1 Xy
2, 2

e) CONFIDENCE INTERVAL FOR PARAMETERS OF SOME DISTRIBUTIONS

A (1-a)100% confidence interval for the parameter © can be constructed by
taking the pivotal quantity (Q) as either; Q = =2 Y, InF(x;0) ~ x5, ORQ =
—23 In(1 = F(x;0)) = x5,.

e o 2 2
That is; l—a= P[Xg’Zn SQ<=x, a

2 2

- and F(x;0) =

f(:c f(x)dx, is the cumulative distribution.

13



EXAMPLE I: if xi1,X2,...,Xn is @ random sample from a distribution with pdf

f(x;0) —{ 0<x<0 where 6>0 is a parameter. What is the (1-a)100%
0 elsewere

confidence interval for 8?

SOLUTION

» Obtain the cumulative distribution function F(x;0). F(x;8) —f —dx =

Xlr=ZX
610 g°
> Taking pivotal quantity Qas Q = =2 Y-, InF(x;0) = =21, ln(%)
> ==2)" Inx; + 2nin6 = 2niln6 — 2} | Inx;
» confidence interval for 0 is;
» 1—a = P[P [xfzn <Q< xf_%,m = P[xgz‘zn < 2ninf — 231, Inx; <
2
x1—%,2n]
> = P[xozzZn +2), Inx; < 2ninb < xl_gz + 2 Y1 Inx;]

1
> =P[ (x%Z’Zn +23% Inx) < Inb < —(xl_(;z +23%, Inx))]

1
> =P[e[£(x§'2”+22?=1mxi) << e[Zn(x1 @ +230% ) Inx))
The confidence interval is [e [z(x(; FEiE ) e[zn(x1 i #2 2 )

EXAMPLE Il
If X1,X2,...,%n is @ random sample from a distribution with pdf f(x;0) =

1 =X
{Ee 9,0<x <o where 6> 0 is a parameter. What is the (1-a)100% confidence
0 elsewhere
interval for 67

SOLUTION

¢ FG50) = [(ievdx =1 [Fende=1[-0en]x= —ep

—X

1—eo

14



o takingQ=-2Y",In(1-F(x;0))=-2%",In <1 — (1 — ﬁ)) —

—-X

X2 2
n — —
-2 lnee = g diz1 Xilne = Z X, x;

e confidenceintervalfor8; 1 —a =p [xé% <Q< x? ]
>

a
1—5,271
2 2y x 2N x
o =P} <iyr ox;<x?o |=PPEEEcg<iink
Z2n T g AE1TL = T 2on x2 g T T x3
2 2 1—5,271 E,Zn

2%t x 2%t x
2 ) 2 ]

a a
1—5,211 E,Zn

Therefore; confidence interval is [

6-1
TRY: (i) for the pdf f(x;0) = {Hx 0<x <1 \\here 8> 0 is an unknown
0 elsewhere

parameter. What is the (1-a)100% confidence interval for 6?

(ii) using Y72, Inx; = —0.7567, determine 90% confidence interval for 8.

15



CHAPTER THREE

3.0 EVALUATING THE GOODNESS OF ESTIMATORS USING THE PROPERTIES OF
ESTIMATORS

The properties of unbiasedness, consistency, efficiency, relative efficiency,
uniform minimum variance unbiased estimator and sufficiency shall be
considered.

3.1UNBIASEDNESS

An estimator is unbiased for the population parameter @ if its expected value is

equal to the unknown population parameter. That is; E(@) =0.
EXAMPLE |

Let x1,X2,..,Xxn be a random sample from a population with mean u and variance
62>0. Is the sample variance s? an unbiased estimator for the population variance
522

SOLUTION

> Required to show that E(s?)=62.

> Given §% = ﬁZ(x — X)? take expectations, E(S)? = E(ﬁZ(x —x)?%)
1 2 _ oy 4 72)] = L 2 _ 2l = L 2y _

> -n_lE[Z(x 2xx+x)]—n_1E[Zx nx]—n_l[ZE(x)
nE(x?)] ... ... (@)

> But E(f)zE[@]=%ZE(xl-)=%Z,u=%*nu=,u ............ (b)

> AndV(E) = v [ - Ly i) = S362 =20 =2 le)

> From V(x) = E(x?) — (E(¥))?)and taking E(¥)? = v(X) +
(E(x?)), substituting (b)and (c)

> E@2 =2 442 e (Dand E(P) = v() + (E(x))? = 67 +

12

» substituting in expression (a)

16



> E(S) = HIDEGD) —nE@)] = 5 [n(6? +42) —n (T +122)] =

n-—1

ﬁ [(n—1)62%] = 62,

Therefore, S%is an unbiased estimator for the population parameter §2.

EXAMPLE I

Let x1,x2,x3 be a random sample of size 3 from a population with mean p and

x1+2x2 +3X3

variance 8§>>0. If the statistics X and y wherey = are two

estimators, are the estimators X and y unbiased estimators for u?
SOLUTION

» Required to show E(X) = pand E(y) = u

For x
> 7= @, take expectations E(¥) = E [@] = %E(X1 +x; +
X3)

> =3EEx] = TE() =3Zu=3*3u=4p

"3
> E(x) = p,implying that X is an unbiased estimator for L.
Fory

> _ x1+2x2+3x3 xl+2x2+3X3]

,take expectations E(y) = E [ .

> == %E(xl + 2x2 + 3X3)

1 1
» =-(E(x1) +2E(xp) +3E(x3) = - (u+2u+3u) =
» E(y) = u,implying unbiasedness.

17



TRY: let x1,X2,...,Xxn be @ random sample of size n from a distribution with unknown

mean —o < u < o and unknown variance §*>0. Show that the statistics

— X1+2x5+--+nx . ,
X and y = =5 are unbiased estimators of .

2

3.2 RELATIVELY EFFICIENT ESTIMATOR

If an estimator is unbiased and has smaller variance compared to another, then it
is more efficient. Let 8; and 8, be two unbiased estimators of 8, the estimator 0,
is said to be more efficient than @2 if variance (@1) is less than variance (éz).

var(0y)
var(0,)

The ratio 1 given by n(64, 6,) is the relative efficiency of
0, with respect to 0,.
EXAMPLE

Let x1,x2 and x3 be a random sample of size 3 from a population with mean p and

X1+2x2+3X3

variance 6%>0. If the statistics x and y = are two unbiased estimators

of the population mean p. Which of the statistics is more efficient and what is the
relative efficiency of X with respect to y?

SOLUTION
» Required to determine and compare the variances.

Variance for x

> X = % take variances v(x) = v [%] = %v(xl +x, +x3) =
S[v() +v00) + v(x)] = $[6% + 62 + 6% = +382 =2
Variance fory
>y = x—1+2x62+3x3, take variances v(y) = v [—x1+2x62+3x3]
1 1 o2 2 2 1462
» = = [v(xy) + 4v(x,) + 9v(x3)] = v [6° 4+ 46 +96“] = —c

Compare the variances; v(x)< v(y). Therefore x is more efficient.

18



Relative efficiency of X with respect to y.

o 2
— v
> R.e=n(x,y)=72;)= g = 7/6.

3

TRY: let x1,X2,x3 be a random sample of size 3 from a population with pdf
Axe—4 1
fx;4) = { X =01.2,..,® are the estimators A= " (x1 + 2x, + x3) and
0 elsewhere

Ay, = %(49(1 + 3x, + 2x3) unbiased? Which is more efficient and what is the

relative efficiency of X, with respect to A, ?

3.3 UNIFORM MINIMUM VARIANCE UNBIASED ESTIMATOR (UMVUE) ,
EFFICIENCY AND INFORMATION

Definition: an unbiased estimator § of 8 is said to be a uniform minimum variance
unbiased estimator of 0 if it minimizes the variance () given by E(8 — 8)2.

The UMVUE can be obtained using Cramer Rao lower bound or fisher information
inequality. For a random sample x = (x4, x5,.., X,) with pdf f(x;8) and a
likelihood function L(B8) a differentiable function of 8, the Cramer Rao lower

PP -1
boundis v(8) = ey

[ dg2 ]

Definition: let x1,X2,..,xn be @ random sample of size n from a population x with
pdf f(x;0) where 6 is a parameter. If 8 is an unbiased estimator of 6 and (é) =

_then 0 is a UMVUE of 6.

d2InL(0

Definition: an estimator 8 is called an efficient estimator if it satisfies the cramer
Rao lower bound and every efficient estimator is a uniform minimum variance
unbiased estimator.
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Let Y be an unbiased statistic from a random sample x for an unknown population
parameter O in a family of exponential pdfs f(x;0). Then Y is said to be an efficient
statistic for 0 iff the variance obeys the Cramer Rao inequality given by 632, =

1 2 1
d2inL(6) OR 63’ = dinf(x;0)2
E[ d92 ] TI.*E[ de

Definition: Fisher’s information in xi (I, (6))is defined as the expected value of
the second derivative of the log or log likelihood function, that is (I,,(68) =

d?Inf (x;0)
E[ d92
sample is sample size multiplied by the information in the first random variable,

thatis [, (0) = n I, (6)

]. For a random sample x = x4, x5, ..., X,,, the information in the

EXAMPLE |

Given the pdf f(x;0) = 8x°~1,0 < x < 1 and 0 elsewhere. determine (i)
information in the sample (ii) the cramer rao lower bound.

SOLUTION

(i) Information in a sample I,(0) = n * I, (6) where I,,(0) =

_ prd?inf (x;6)
E[ d92
» Take logs; Inf(x;0) = In6 + Olnx — Inx
» Obtain the score (differentiate with respect to 6); %(:9) L+ Inx
oo dfinf(x;60) -1
» Second derivative: —pr  — @
_ d?Inf(x;0)
- 10) = £ [ - g
> 1,(0) =nxL,(0) =nx 02=%
.. ~ -1
(ii)  Cramer rao lower bound is U(H) > WOT v(0) > m
do? do?
~ -1 1 02
> = -7 =
v(0) B [ s
EXAMPLE II

Let x1,X2,..,Xn be @ random sample of size n from a distribution with pdf
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2,-6x3
f((x;9)={39xe 0<x <o
0 elsewhere
variance of the unbiased estimator of the parameter 6?

. What is the Cramer rao lower bound for the

SOLUTION

d2InL(0)
E 62

The cramer rao lower bound is given by v(@) > [ —

> Determine the likelihood function L(8) = I1f(x;0) = [130x2e79%° =
"y 3xze—92x3
> Introduce logs ; InL(0) = ninf + Y, In3x%2 — 0 ) x3

. . . dInL(6
» Differentiate with respect to 6; Y;Le( ) = % — Y x3
. . .. d?’InL(6 -
» Obtain second derivative; ni@) __n
dg? 62
~ -1 1 92
> v(@) = [dzlnL(O) - E[25] T
462 62

TRY: Let x1,X2,..,Xn be @ random sample from a normal population with unknown
mean p and known variance §2>0. What is the MLE for p? Is this MLE an efficient
estimator for u?

3.4 SUFFICIENT STATISTICS

Let x~ f(x; ) be a population and let x1,x2,...,xn be @ random sample of size n

from this population x. An estimator  of the parameter 8 is said to be a
sufficient statistic of 0 if the conditional distribution of the sample given the

estimator 6 does not depend on the parameter 6. That is;

flxy,x,.,x,|Y =y) = f(xl’xz""’jf(”gza;d T'=Y)  4oes not depend on y.

EXAMPLE |
If X1,X2,...,Xn is @ random sample from a distribution with pdf

X _ 1-x —
Fx;0) = {9 (1-6)'"*x=0,1.
0 elsewhere
sufficient statistic for 6.

where 0< 6 <1.ShowthatY =} x; isa
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SOLUTION

f(x1,%2,..xn) and f(Y=y)
fy=y)

Using conditional distribution ; f (x{,x,,..,x,|[Y =y) =

If (xi;0)
f(r=y)
givenas f(y) = (Z) 0Y(1— )Y
Of(x;0) _ 0O*(1-0)1"%  9Z¥i(1-9)" Z¥i
fo=y)  (Peva-eyy  (3)eva-e)n-y
Y1-9n—vy

ne (1-6) = %, the conditional density of the sample given the statistic
(y)gy(l_g)n_y (y)
Y is independent of the parameter 6. Therefore a sufficient statistic.

e Where f(xq,x5,..,x,|Y =y) = and Y = ) x; is a Bernoulli pdf

but x; =y

TRY: given the pdf f(x;0) = e ¥ 0 <x <owand 0 < 6 < oo and f(y) =
ne "0-9 0 < y < 00, show that y is a sufficient statistic for 6.

3.41 FACTORISATION THEOREM OF NEYMAN

Let Xx1,X2,...,xn denote a random sample with pdf f(x;8), which depends on the
population parameter 6. The estimator 8 is sufficient for 6 iff the likelihood
function can be factorised into two ki and k> where ki has 8 and k; does not
depend on 6. that is; k; (%1, X5, ..., X,,; 0) ko (x4, X5, ..r, Xp).

EXAMPLE

.....

L  A¥eH/x! _ :
flx; 1) = ,x =0,1,2,...,00. Where A >0 is a parameter. Show that
0 elsewhere

the estimator is a sufficient estimator of the parameter A.
SOLUTION

Using the factorization theorem, determine the likelihood function and factorise
the function into two.

Hl.gl)lxe_l . AZ xie_n)l

> L) =

x! IIx!
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> factorise this; (Azxie_”’l)(ﬁ)

» = ki(x; Dk, (x;). Therefore it is a sufficient estimator.

TRY: let x1,X2,...,Xn be a random sample from a Bernoulli population having the
density function f(x;8) = 8*(1 — 0)™*,x = 0,1 and 0 elsewhere. obtain the
sufficient statistic for a Bernoulli.

3.41 FACTORISATION THEOREM OF NEYMAN

Let x1,X2,...,Xxn denote a random sample with pdf f(x;8), which depends on the
population parameter 6. The estimator 8 is sufficient for 6 iff the likelihood
function can be factorised into two ki and k> where ki has 8 and k, does not
depend on 6. that is; ky (x1, X5, ..., Xp; 0) ko (X1, X5, ...\, Xp).

EXAMPLE

.....

Cay [ A¥eH/x! _ :
flx; 1) = ,x =0,1,2,...,00. Where A >0 is a parameter. Show that
0 elsewhere

the estimator is a sufficient estimator of the parameter A.
SOLUTION

Using the factorization theorem, determine the likelihood function and factorise
the function into two.

n" A1%e*  pLxig-nd
> L) ="=— =

x! Ix!
> factorise this; (Azxie‘"’l)(ﬁ)
> = ky(x; D)k, (x;). Therefore it is a sufficient estimator.
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TRY: let x1,X2,...,Xn be a random sample from a Bernoulli population having the
density function f(x;8) = 8*(1 — 0)™*,x = 0,1 and 0 elsewhere. obtain the
sufficient statistic for a Bernoulli.

3.5 CONSISTENT ESTIMATOR

Let X1,X2,....X» be a random sample from a population X with pdf f(x;8). Let 8 be an
estimator of 6 based on the sample of size n denoted as (8,,). A sequence of
estimators (@n) of B is said to be consistent for 8 if and only if the sequence

(8,,) converges in probability to 8 ,that is for any € > 0

lim P[|6, — 6| =€| = 0.

n—oo

Consistency is a large sample property of an estimator.
To show that a sequence of estimators is consistent, we verify the limits below;
> lim var(8,) =0

n—-oo

> lim B(6,,6) =0

n—->oo

CHAPTER FOUR

4.0HYPOTHESIS TESTING

A hypothesis is an assertion about the underlying population. The hypothesis to
be tested is the null hypothesis (Ho) and its negative is the alternative hypothesis
(Ha).

A hypothesis test is an ordered sequence (X1,X2,...,Xn ; Ho,Ha; ) where x1,X2,...,Xn is a
random sample from a population x with the pdf f(x;0), Ho and Ha are hypotheses
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concerning the parameter 6 in f(x;0) and c is the critical region. Or it is a rule that

tells us for which sample values we should decide to accept Ho as true and for

which sample values we should reject Ho and accept Ha as true.

DEFINITIONS

>
>
>

Y VYV

Y VY

Sample space: space of all possible outcomes of a statistical experiment.
Parameter space: all possible values of the unknown parameters.

Simple hypothesis: is one that completely specifies the density function of
the population e.g Ho: p=1.

Composite hypothesis: doesnot completely specify the population
parameter e.g p<1.

Critical region (c): is a subset of the sample space which is in accordance
with the agreed test leading to rejection of the hypothesis under reference.
Size of the critical region is given as P[g € c/HO] = q.

Power function of a test for testing Ho against Ha is the probability of
rejecting Ho. That is; P = prob{xec}.

Power of a test [1(6,) = prob{xec/H,} and is yielded by particular values
of 0 as per hypothesis.

Level of significance for testing Ho versus Ha is equivalent to the size of the
critical region or is the maximum value of the power function assuming Ho
is true. That is; P[x € ¢/H,| = a.

Type | error is as a result of rejecting Ho when it is true. It is given as a.
Type Il error is as a result of accepting Ho when it is false. It is equal to 1 —

p{xe c/H,}.

4.1INEYMAN-PEARSON LEMMA FOR THE BEST CRITICAL REGION

Let X1,X2,...,Xn be @ random sample from population with pdf f[x;8] and
L(6;xq,..,x,) = [li=1 f(x;; 0 )is the likelihood function of the sample. Then any

critical region C of the form C{(xy, .., x,,) /——1=1s

L(0¢;xq,-- xn)

L Onrte) = < k} for some constant
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o<k<eo is best critical region (or uniformly most powerful) of its size for testing
Hy: 0 = 0y versus Hy: 0 = 0,.

Therefore, if L(Bo) is the likelihood function for the null hypothesis and L( 64 ) is

L(6o) 0)

10, = < k} is the best critical

the likelihood of the alternative hypothesis; ¢ = {x; —=

region.
EXAMPLE1

1+60)x%0<x<1
0 elsewhere
value of x, find the best critical region given the hypothesis Ho: =1 versus Ha: 6=2.

Suppose x has a pdf f(x;0) = { . Based on a single observed

SOLUTION
_ L(6o)

» By the Neyman —Pearson lemma ¢ = {x; ——= 16 < k}
> L(x;0) =1f(x;0) = (1+ 0)x?
> for Hy:0 = 1;L(0,) = 2x and for Hy: 0 = 2; L(0,) = 3x?
> L(HO) _ Z_X — i

L(B4) 3x2  3x
» Introduce k, i < k,solve for x;x > ﬁ
» Therefore; c= {x X = }lS the BCR. therefore, reject Ho if x > —

EXAMPLE 2

Let x1, X2, X3 denote 3 independent observations from a pdf f(x; 8) =

{(1+9)x ,0<x <

1 . determine the best critical region given the hypothesis Ho:
0 elsewhere

0=1 and Ha: 6=2.
SOLUTION
» By the Neyman —Pearson lemma ¢ = {x; ((zoi k}
> L(x;0) =TI, f(x;0) = 1(1+9)x =1+, x?
> 1(0y)for 6 =1is (1+1)3 H = 23x1x2x3 = 8x1x2x3
> for0=2,100,)=(1+2)3 Hi= = 27x{x3x3
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L(Qo) _ 8.X'1.X'2.X'3 _ 8

» ratio = > =
L(B4) 27x1x2x3 27X1X2X3

>bcrc={x <k}

27x1xZX3

<=k}

> ¢ ={x;

X1X2X3

> ¢ ={xX;x1X,%3 = ﬁ} as the best critical region.

TRY: given a random variable x from a population with a normal distribution
with mean 8 and variance one. Determine the best critical region given the
hypothesis Ho: =0 and Ha: 8=1for a sample of size n.

EXAMPLE

Obtain the BCR given a random sample of size n from a population with pdf

-1
f(x;0) and the hypotheses Hy: ex_. x =0,1,2,3...versus Hy: (%)x“, x=0,1,2....

SOLUTION

L) _

» By the Neyman —Pearson lemma ¢ = {x; ——= 16

-1 -n

> L(6y) = [T, =°

x! x! [Ti=, x!

> 16, = e = (3) G2

-1

e

e e M
1(6g) _ I x _ (2e”Hrad*i

104) (%)n(l)in TR

> ratio

<k

» introduce k > 0,

|
l 1 X

—1)11 XX

Taking logs on both sides, log < logk

>
L 1
> Y x;log2 +nlog2e™ — log [T- x;! S logk = c
» Make x the subject
> Y xilog2 —log [T, x;! <logk —nlog2e~".this is the BCR.

TRY
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Given X1,X2,....X12 is @ random sample from a normal population with mean zero
and variance 62. What is the BCR given the hypotheses Hy: 02 =
10 versus Hy: 02 = 5?
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4.2LIKELIHOOD RATIO TEST

Definition: the likelihood ratio test for testing a simple null hypothesis Ho
:0€6, versus the composite hypothesis Ha:0€0, based on a set of random
L(x;60)

L(x;64)

sample data x1,X2,...,Xn is defined as w(xq, x5, ..., X)) =

A likelihood ratio test (LRT) is any test that has a critical region C (rejection region)
of the form ¢ = {(x1, x5,.., x,) /W(x1, X3, ..., X)) < k} where k is a number in the
unit interval (0,1) and w(xi,...,xn) is the likelihood ratio test statistic.

EXAMPLE

Let x1, X2, X3 denote 3 independent observations from a pdf f(x; 8) =

{(1 +0)x,0<x<1
0 elsewhere
hypothesis Ho: 6=1 and Ha: =27

. What is the form of the likelihood ratio test given the

SOLUTION
From definition; ¢ =

(G X200 X)W (1, Xy e X0) S K} = (s X0) 155 < )

Lx;0) =Tl f(0) =BE.(1+60)x% = (1 +6)° I3, xf
L(By)for 8 = 1is (1 + 1)3[[7_, x; = 23x1x2x3 = 8x;X,X3

>

>

> fOT' 8 - 2, l(HA) - (1 + 2)3 H?: ES 27x1x2x3
. L(Bp) _ 8x1Xpx3 __ 8

> ratio L(6a)  27x2x2x%2  27x1XpX3

> €= {x; 27x1x2x3 S k}

> ¢ = {x; o <Z k}

> ¢ ={xX;x1x,%3 = } reject Ho if x;x,x3 = 2

27k
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CHAPTER FIVE
5.0NON-PARAMETRIC TESTS

These are referred to as distribution free tests. They do not make an assumption
about the distribution of the data, that is normality. These include; sign test, runs
test, chi-square test, Kruskal wallis test, mann Whitney test etc.

5.1CHI-SQUARE TEST

This can be used as a goodness of fit test and as a test of independence. The
goodness of fit test is used to determine how well an observed set of data fits an
expected set of data. The null hypothesis is that, there is no difference between
the observed (fo) and the expected (fe) frequencies OR Ho: good fit versus Ha: poor
fit OR Ho: not biased versus Ha: biased

_£N\2
The test statistic is the chi-square given as x2 = Y& M, where fe=npi, nis
=1 fe

the total number of observations , piis the probability for each category and k are
the number of categories.

The critical region is x% > xi)k_l. (i.e reject Ho).
EXAMPLE

A gambler suspects that a normal die is biased. He throws the die 108 times and
gets the following results;

Number 1 2 3 4 5 6

Frequency | 25 18 15 20 22 8

What decision would he make at 0.05 level of significance?
SOLUTION

» Ho: not biased (p1= p2=...=pn=1/6) versus Ha: biased
» L.o.sa=0.05
» Crix?2=2x%, 1 =x*2x5p56-1 = x> =11.07

_£2
> x?% = le(foffe) ,where f, = np; = 108*%= 18
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» Compute chi-square value

Fo 25 18 15 20 22 8

fe 18 18 18 18 18 18

(fo—f.)?|2.72 0.00 0.50 0.22 0.89 5.56
fe

o (o= £
x% = Z"f—e = 9.89
i=1 €
» Decision: fail to reject Ho.

EXAMPLE

It is hypothesized that an experiment results in outcomes K, L,M and N with
probabilities 1/5, 3/10, 1/10,2/5 respectively. Forty independent repetitions of
the experiment have results as follows.

Outcome K L M N

Frequency 11 14 5 10

If a chi-square goodness of fit test is used to test the above hypothesis at the
0.01 significance level, then what is the value of the chi-square statistic and
the decision reached?

SOLUTION

» Ho: observed frequency = expected frequency VERSUS Ha: they differ
» L.o.sis0.01

» Crix?=2xZ, 1 =x*2x5p56-.1 = x> =11.07

> Crix? = x%, 1 =x*2=x§014-1 =x*>11.35

(f _fe)z
> x? =Yk ot

,Where f, = np;, n=40

Fo 11 14 5 10
fe 8 12 4 16
(fo — [.)? 1.125 0.333 0.25 2.25
fe
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k
, N (o—f)F
X —;T— 3.958

> Fail to reject Ho.

TRY: the distribution of the number of deaths due to a rare disease in a
certain year among cities was as follows;

Deaths(x) | O 1 2 3 4 5 6
No. of 93 70 26 8 2 0 1
cities(f)

Test the goodness of fit of a poisson distribution to this data at 5% level of
significance. [hint: degrees of freedom are k-2 since a parameter is
estimated from the sample and the pdf of a poisson distribution(pi) is

Foo) =2

x!

TRY: six coins are tossed 64 times and the following number of heads
were observed.

Heads (x) | O 1 2 3 4 5 6

frequency | 1 9 10 25 12 5 2

Test the goodness of fit for the data at 5% level of significance using a
binomial distribution with pdf f(x) = p; = (S)pxq"‘x.[hint estimate X =

Xfixi . _ x
—Zfi,Slncex—npthen,p——n,do f=k—2l]

NOTE:

e If there are only 2 cells, the expected frequency in each cell should
be greater or equal to five.

e For more than 2 cells chi-square should not be applied if more than
20% of the expected frequencies are less than 5. For this, combine
the small cells into one category.
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5.2CONTINGENCY TABLE

This is an array of data in rows and columns which are assumed to be
independent of each other.

Any statistical experimental data which can be presented in arrays of rows and
columns is a contingency table. It used to test whether the categorical data given
are independent of each other. The null hypothesis is that the variables are
independent (no relationship) and the alternative is that they are dependent
(related).

It uses the chi-square distribution with [(r-1)(c-1)] as the degrees of freedom. The
critical region is given as x2 > xozc,(c—l)(r—l) (reject Ho) and the computed chi-

(01j—Eij)?

E;;

), where Ojj is the observed
lj

square value is given as x? = ?:1 Z§=1 <

. . row total X column total
frequency and Ej is the expected frequency given as E;; =

grand total

EXAMPLE:

Given the data below for education level and social status, test whether there is a
relationship between the two at 0.05 level of significance.

Education Above average | Average Below average | Total
College 18 12 10 40
High school 17 15 13 45
Primary 9 9 22 40
Total 44 36 45 125
SOLUTION

» Ho: independent Versus Ha: dependent
» L.o.s=0.05
» Crx? 2 X3 co1yr-1) = X> = X354 = x> 2 9.488

0i;—Eij)?
> Compute x* = ¥7_; ¥4 <( ]Eij : )*
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Observed freq. (Oj) Expected freq. (Ej) ((Oij — Eij)2>
E,

18 14.08 1.09

17 15.84 0.09

9 14.08 1.83

12 11.52 0.02

15 12.96 0.32

9 11.52 0.55

10 14.4 1.34

13 16.2 0.63

22 14.4 4.01

> X2 =¥, 55 ((OJE—EJ)) — 988

13}

» Decision: reject Ho. They are dependent.
5.3THE KRUSKAL -WALLIS TEST

This is used for simultaneous comparisons of more than two independent
populations. It is an alternative to the ANOVA test. It is used to test the hypothesis
that k independent samples are from the same population where the actual values
are replaced by ranks.

All the samples are ranked as if they are coming from the same population.

The test statistic is H which approximates to a chi-square distribution with (k-1)
degrees of freedom, that is; H ~ XZ,_, . Wwhere H is computed as, H =

12 [(ZRy)? (ZRL)Z
N(N+1)[ gy ] 3(N + 1).

Where

N= sum of all the samples (n;+n,+.....)
Ri is the sum of the ranks for each sample
The critical regionis H = XZ ,_;.
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EXAMPLE

Three varieties of wheat planted in 12 plots of land at random gave the following
yields per acre;

Variety A | Rank A Variety B Rank B Variety C Rank C
35 1 55 12 47 6

38 2 48 7 43 4

45 5 52 9 53 10

40 3 54 4 50 8
Sumranks |11 39 28

Apply the Kruskal wallis test to decide whether there is a significant difference
among the 3 varieties of wheat at 0,05 significance level.

SOLUTION
e Ho: no difference Vs Ha: they differ
e L.0sis0.05
e CrH=2XZ, 1= H=X§p535.1=H=>599
e Rank data
_ 12 [ERY*, , OR)?Y| _ 12 2
e Compute H = NNiD L + ot n; ] 3(N+1) = 12(12+1) [ 4

2 2
2 +E|-3012+1) =7.654
e Reject Ho. There is a difference in the varieties.

TRY: a travel agency selected samples of hotels from three major chains and
recorded the occupancy rate for each hotel on a specific date as below. The
occupancy rate is the percentage of the total number of rooms that were occupied
the previous night.

Best Eastern Comfort Inn Quality Court
58% 69% 72%

57 67 80

67 62 84

63 69 94

61 77 86

64
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Do these data suggest any difference in the occupancy rates at 0.05 level of
significance assuming that the occupancy percentages are not normally distributed?
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