
USING LSE METHOD 

• From the model , make the error term the subject 

𝑦 = 𝛼 + 𝛽𝑥+∈, 𝑚𝑎𝑘𝑒 𝑡ℎ𝑒 𝑒𝑟𝑟𝑜𝑟 𝑡𝑒𝑟𝑚 𝑡ℎ𝑒 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 ∶ ∈= 𝑦 − 𝛼 − 𝛽𝑥 

• Form sums of squares 

∑∈2=∑(𝑦 − 𝛼 − 𝛽𝑥)2 

• Minimize the sums of squares (differentiate with respect to the parameters) 

and equate the results to zero. 

𝑑 ∑𝜖2

𝑑𝛼
= −2∑(𝑦 − 𝛼 − 𝛽𝑥)

= 0, 𝑑𝑖𝑣𝑖𝑑𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑏𝑦 − 2 𝑎𝑛𝑑 𝑒𝑞𝑢𝑎𝑡𝑒 𝑡ℎ𝑒 𝑟𝑒𝑠𝑢𝑙𝑡 𝑡𝑜 𝑧𝑒𝑟𝑜. 

∑(𝑦 − 𝛼 − 𝛽𝑥) = 0, 𝑜𝑝𝑒𝑛 𝑡ℎ𝑒 𝑏𝑟𝑎𝑐𝑘𝑒𝑡𝑠   𝑎𝑛𝑑 𝑚𝑎𝑘𝑒 𝑦 𝑡ℎ𝑒 𝑠𝑢𝑏𝑗𝑒𝑐𝑡. 

∑𝑦 = 𝑛𝛼 + 𝛽 ∑𝑥. ………………………..(a) 

𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑒 𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝛽 𝑡𝑜 𝑔𝑒𝑡 𝑡ℎ𝑒 𝑠𝑒𝑐𝑜𝑛𝑑 𝑛𝑜𝑟𝑚𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

𝑑 ∑ ∈2

𝑑𝛽
=  −2𝑥∑(𝑦 − 𝛼 − 𝛽𝑥) = 0.  𝑑𝑖𝑣𝑖𝑑𝑒 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑏𝑦 − 2 𝑎𝑛𝑑 𝑒𝑞𝑢𝑎𝑡𝑒 𝑡𝑜 𝑧𝑒𝑟𝑜. 

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑏𝑦 𝑥 𝑎𝑛𝑑 𝑚𝑎𝑘𝑒 𝑦 𝑡ℎ𝑒 𝑠𝑢𝑏𝑗𝑒𝑐𝑡.  ∑ 𝑥𝑦 = 𝛼 ∑𝛼 + 𝛽∑𝑥2…………(b) 

• Expressions a and b are normal regression equations that can be solved to determine the 

parameters α and β. 

• Solving expression a, divide through by n and make α the subject. 

𝛼 = 𝑦̅ − 𝛽𝑥̅……………………………………..(c) 

𝑠𝑜𝑙𝑣𝑖𝑛𝑔 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛𝑠 𝑎 𝑎𝑛𝑑 𝑏 𝑏 𝑢𝑠𝑖𝑛𝑔 𝑐𝑟𝑎𝑚𝑒𝑟′𝑠 𝑟𝑢𝑙𝑒. Write the two expressions in 

matrix format. 

[
𝑛 ∑𝑥

∑𝑥 ∑𝑥2
] ∗ [

𝛼
𝛽] = [

∑𝑦

∑𝑥𝑦
] 

Solve for α and β 



𝛼 =
∑𝑥2 ∑𝑦−∑𝑥∑𝑥𝑦

𝑛∑𝑥2−(∑𝑥)
2   and 𝛽 =

𝑛∑𝑥𝑦−∑𝑥∑𝑦

𝑛∑𝑥2−(∑𝑥)
2   or 𝛽 =

∑(𝑋−𝑋̅)(𝑌−𝑌̅) 

 ∑(𝑋−𝑋 )̅̅ ̅̅
2  or 𝛽 =

∑𝑥𝑦

∑𝑥2
    as the least 

squares estimators. 

 

EXAMPLE I: show that LSE are unbiased. 

 

SOLUTION 

Required to show that the estimators 𝛽  ̂ 𝑎𝑛𝑑 𝛼̂ are unbiased for the parameters 

𝛽 𝑎𝑛𝑑 𝛼 in the model 𝑦 = 𝛼 + 𝛽𝑥𝑖 + 𝜀𝑖. that is ; 𝐸(𝛽̂) = 𝛽 𝑎𝑛𝑑 𝐸(𝛼̂) = 𝛼. 

a) Show that 𝐸(𝛼̂) = 𝛼. From the expression 𝛼⏞ = 𝑌̅ − 𝛽𝑋̅ , introduce 

expectations on either side   𝐸(𝛼)⏞  = 𝐸( 𝑌̅ − 𝛽𝑋 ̅). 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 𝑓𝑜𝑟 𝑌̅ = 𝛼 +
𝛽𝑋̅ +∈̅. 

•  𝐸(𝛼)⏞  = 𝐸( 𝑌̅ − 𝛽𝑋 ̅) = 𝐸(𝛼 + 𝛽𝑋̅ +∈̅− 𝛽𝑋̅) = 𝐸(𝛼 +
∈̅), 𝑏𝑢𝑡 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑐𝑙𝑎𝑠𝑠𝑖𝑐𝑎𝑙 𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛𝑠 𝐸(∈) =
0 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑒𝑥𝑝𝑒𝑐𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡.   

• therefore; 𝐸(𝛼̂) = 𝛼. 

b) Show that 𝐸(𝛽̂) = 𝛽 

• Using 𝛽 =
∑𝑥𝑦

∑𝑥2
, 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒 𝑓 𝑓𝑜𝑟 𝑦 𝑢𝑠𝑖𝑛𝑔 𝑦 = 𝛼 + 𝛽𝑥 +

𝑒,𝑤ℎ𝑒𝑟𝑒  𝑙𝑜𝑤𝑒𝑟 𝑐𝑎𝑠𝑒 𝑙𝑒𝑡𝑒𝑟𝑠 𝑟𝑒𝑓𝑒𝑟 𝑡𝑜 𝑎 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑚𝑒𝑎𝑛.  x= X 

minus mean of X and e is the error minus mean of the errors. 

• Introduce expectations on either side 𝐸(𝛽) = 𝐸 (
∑𝑥(𝛼+𝛽𝑥+𝑒)

∑𝑥2
) =

𝐸(
𝛼∑𝑥+𝛽∑𝑥2+∑𝑥𝑒

∑𝑥2
), any deviations from the mean is always equal to 

zero ∑𝑥 = 0 𝑎𝑛𝑑 𝐸(𝑥𝑒) = 0. 

• 𝐸(𝛽̂) = 𝐸 (
𝛽∑𝑥2

∑𝑥2
) =

𝐸(𝛽), 𝑏𝑢𝑡 𝑡ℎ𝑒 𝑒𝑥𝑝𝑒𝑐𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑟 𝑚𝑒𝑎𝑛 𝑜𝑓 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. 

• 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒;  𝐸(𝛽̂) = 𝛽. this implies unbiasedness. 

 

MEAN AND VARIANCE OF THE PARAMETERS α AND β 

The mean for 𝛼̂ = 𝐸(𝛼̂) = 𝛼 and the variance 𝑣(𝛼̂) = 𝑣(𝑦̅ −

𝛽̂𝑥̅)𝑡ℎ𝑖𝑠 𝑖𝑠 𝑓𝑟𝑜𝑚 𝛼̂ = 𝑦̅ − 𝛽̂𝑥.̅ Therefore; 𝑣(𝛼̂) = 𝑣(𝑦̅) + 𝑥̅2𝑣(𝛽̂).  substituting 

for v(Y) gives  𝑣(𝛼⏞ ) = 𝛿2[
1

𝑛
+

𝑋̅2

∑(𝑋−𝑋̅)2
] 

 



The mean for 𝛽̂ = 𝐸(𝛽̂) = 𝛽 and the variance v(𝛽̂) =
𝛿2

∑(𝑥𝑖−𝑥̅)
2
  where 𝛿2 =

∑𝑒𝑖
2

𝑛−𝑝
=

∑
(𝑦𝑖−𝑦̂𝑖)

2

𝑛−𝑝
.  OR  𝛿2 =

∑𝑦2−𝛼∑𝑦−𝛽∑𝑥𝑦

𝑛−𝑝
, where p are the parameters to be estimated. 

For simple regression model where only α and β are estimated, p =2. 

 

 

 
EXAMPLE: USING THE DATA BELOW,  FIT A REGRESSION 

EQUATION TO THE DATA,  DETERMINE THE MEAN AND VARIANCE 

OF THE ESTIMATED PARAMETERS. 

 

X 77 50 71 72 81 94 96 99 67 

Y 82 66 78 34 47 85 99 99 98 

 
 


